Abstract The minimum volume enclosing ellipsoid (MVEE) problem is an optimization problem at the root of many practical problems. This paper describes some new properties such as "algorithmic coordinate-wise smoothness" of this model and proposes a steepest descent type algorithm, the Coordinate Descent (CD) algorithm, to address the MVEE problem. We prove that not only the function values converges to the optimal value, but also the iteration sequence converges to the optimal solution. The CD algorithm is sublinearly convergent and slightly faster than the other algorithms, especially in cases where the dimension of the data is large. Furthermore, we provide a new interpretation for ways of choosing the coordinate axis of the Frank-Wolfe type algorithm from the perspective of the smoothness of the coordinate axis, i.e., the Khachiyan's algorithm uses the "Nesterov's Rule", while the Wolfe -Atwood's algorithm uses the "Gauss -Southwell's Rule". Moreover we compare our algorithm with the random coordinate descent method (RCD) in ["Nesterov, Y. Efficiency of coordinate descent methods on huge -scale optimization problems. SIAM Journal on Optimization, 2011, 22(2): 341-362"] and show the RCD algorithm is less efficient than the CD algorithm in computing the MVEE. The numerical tests support our theoretical results.
Introduction
The minimum volume enclosing ellipsoid (MVEE) (also known as the Löwner ellipsoid) of an arbitrary given point set X = {x 1 , . . . , x m } is studied in this paper, where x i ∈ R n . In addition to several traditional applications discussed in [14] , recently the MVEE has arisen in a number of applications, including nonlinear support vector machines ( [15] ), bio-informatics ( [10] ), the geometry of differential privacy ( [22] ), flow feature extraction ( [16] ), sensor selection ( [12] ), and statistics ( [3] ).
F. John first considered the MVEE enclosing a compact set X ⊆ R n . He showed any ellipsoid in R n is determined by at most n(n+1) 2 points, which lies at the basis of the core set theory. John also showed the existence of the n-rounding ellipsoid for an arbitrary point set X (see [11] ).
Generally, the methods to address the MVEE problem can be categorized into two parts, the Newtontype method and the Frank-Wolfe type method. With respect to the Newton-type method, [19] developed
The idea of adopting the gradient-type coordinate descent method into the MVEE problem is from two aspects: One is that just as the Frank -Wolfe type algorithm, the coordinate descent method changes only one element of the iteration point u in each iteration, thus the arithmetic operations in each iteration, such as the computation of the inverse and the determinant of a matrix could be simplified via the rank-one modification formula. Therefore the coordinate descent algorithm inherits the advantage of the Frank -Wolfe type algorithm. The other is that the gradient type algorithm is one of the most mature method, and efficient implementation techniques, such as coordinate axis choosing rules can be borrowed. Therefore, in this paper, we integrate the idea of the WA algorithm with the coordinate descent algorithm and propose the coordinate descent (CD) algorithm to address the MVEE problem. We here stress that although the WA algorithm on the MVEE problem can also be seen as a kind of coordinate descent algorithm, however, the way of choosing axis, the iterative direction and the stepsize are different with the gradient type coordinate descent algorithm. The comparison of the CD algorithm and the WA algorithm is illustrated in section 3.4.
The rest of this paper is organized as follows: in the second section, we elaborate on the theory and algorithm of the MVEE problem, including the formulation of the model, the existence of the optimal solution, duality and the algorithm to solve the model. In the third section, we introduce the notion of "algorithmic" coordinate -wise smoothness and apply this notion to propose the CD algorithm. Moreover, we give new explanation to the WA algorithm and the Khachiyan's algorithm. Specifically, the WA algorithm uses the "Gauss -Southwell's Rule" to choose the coordinate axis, while the Khachiyan's algorithm uses the "Nesterov's Rule" to choose the coordinate axis. In the fourth section, followed by the idea of Ahipasaoglu (2008) we prove the globally sublinear convergence rate and the locally linear convergence rate of the CD algorithm. In the fifth section, several numerical examples are included, demonstrating that the CD algorithm may be slightly faster than the WA algorithm as the dimension grows. In the sixth section, we discuss more versions of the CD algorithm such as, the CD algorithm with various stepsizes and the random coordinate descent (RCD) algorithm (enlightened by [21] ), and compare their computational performance theoretically. In the seventh section, we give a new application of the MVEE to the big data data envelopment analysis problem. Finally, we provide the conclusions and the directions for future research. 
Notations
Unless otherwise specified, all norms · used in this paper are the Euclidean norms. x H = √ x T Hx represents the H-shaped ellipsoidal norm with H being positive definite. ∇f (x) represents the gradient of function f with respect to the vector x, while ∇ 2 f (x) represents the Hessian matrix of function f with respect to the vector x. e ∈ R n is an n dimensional vector in Euclidean space with all the elements being 1. S n , S n + , and S n ++ denote the sets of, respectively, the symmetric n × n matrix, the symmetric positive semidefinite n × n matrix, and the symmetric positive definite n × n matrix. X represents the point set of m points, as well as the matrix formed by these m points, i.e., X = [x 1 , . . . , x m ], x i ∈ R n , i = 1, . . . , m. af f (X) represents the affine hull of the set X. I n represents the unit matrix of order n. Let u ∈ R n , U represents a diagonal matrix of order n formed by the elements of u. △ n represents a probability simplex in the n dimensional space, that is, △ n = {x|e T x = 1, x ∈ R n + }. Vol(B n ) represents the volume of an ndimensional unit ball whose center is at the origin, that is: Vol(B n ) = (π) n 2 Γ( n 2 +1) . "w.r.t" is the abbreviation of "with respect to".
Theory and Algorithm of MVEE

Volume of n-ellipsoid
An ellipsoid E(H, c) can be expressed as E(H, c) = {x|(x − c)
T H(x − c) n}, where c ∈ R n and H ∈ S n ++ . Applying the Cholesky factorization to H ∈ S n ++ , we obtain a lower triangular matrix L such that H = LL T . Hence the ellipsoid E(H, c) can also be expressed as {x| L T (x − c) √ n} or {x|x = c + (
, that is, the ellipsoid E(H, c) is the result of the affine transformation x ′ = ( √ nL −T )x + c of a unit ball centered at the origin. Since the translation does not affect the volume, and the linear transformation y = √ nL −T x changes the volume of the unit ball to det(
it follows that the volume of the ellipsoid in n-dimensional space is
, that is, the larger det(H) is, the smaller the volume of E(H, c) is.
Model of MVEE
The MVEE E(H, 0) of a centrally symmetric set X can be modeled as an optimization problem (see [26] for other equivalent forms of MVEE model)
Since − det H is not a convex function, the above optimization problem is difficult to solve. A common method to overcome this difficulty is to convert the objective function into − ln det H, since − ln det H is a convex function (see [7] ). Thus, the model of E(H, 0) can be converted into a convex optimization problem (P ):
Existence and Uniqueness of Solutions
As the objective function of model (P ) is continuous, [28] noted that if the set of all the feasible points is compact, the existence of the solution can be proven by the Weierstrass's Theorem. Unfortunately, H ∈ S 
Duality and Optimality Conditions
The Lagrange function of model (P ) is:
, and the dual function is:
where U is a diagonal matrix with U ii = u i . So it follows that the Lagrange dual problem (D 1 ) is:
Since ∀u ′ 0, there exists a u ∈ R n + with e T u = 1 and a λ 0 such that u ′ = λu. Substituting these into model (D 1 ) , we obtain that the optimal value of model (D 1 ) is attained at λ = 1. Therefore, the dual problem can also be written as (D 2 ):
The optimality conditions, the weak and strong duality can be referred to [1] , [28] , which will not be discussed in detail here.
2.5 MVEE of an arbitrary point set [13] noted that the MVEE of an arbitrary point set X can be obtained by computing the MVEE of a centrally symmetric point set as follows:
(1) Lift up the point x i ∈ X ⊆ R n into R n+1 :
A :
,
, i.e., Y is a centrally symmetric point set containing 2m points. (2) We can use model (P ) or model (D 2 ) to compute the MVEE of Y . Denoting the optimal solution pair as (H * , u * ), we have:
0 1 Table 1 Computation complexity of classical algorithms to compute the MVEE.
From the above analysis, it can be seen that the MVEE of an arbitrary point set X can be obtained by computing the MVEE of a centrally symmetric point set. Therefore, we can focus on addressing model (P ) and (D 2 ).
Algorithm
The classical method to address model (P ) is the Newton type algorithm (see [26] ), while the classical method to address model (D 2 ) is the Frank-Wolfe (FW) type algorithm (see [13] , [14] , [1] , [30] , [31] ). Numerical experiments show that the FW type algorithm is more efficient for the case of large-scale or huge-scale data sets (especially for high-dimensional data sets) than the Newton type algorithm ( [28] ). [5] was the first to apply the FW type algorithm to compute the MVEE (in fact, Atwood was trying to address the D-optimal design problem in statistics, which is the same as the duality problem in MVEE. Therefore, Atwood can be considered the first to apply the FW algorithm to the MVEE problem). [13] was the first to obtain the computational complexity of the FW type algorithm on the MVEE problem. [14] extended the work of [13] , and proposed a new initialization scheme to improve the efficiency of the algorithm. Based on the work of Kumar and Yilidrim, [1] proposed the "dropping points" technique and discovered the local linear convergence rate of the FW algorithm on the MVEE problem. Table 1 compares the computational complexity of different classical methods for solving the MVEE problem. In the following, the FW-K and WA algorithms are introduced as examples. Suppose the optimal solution pair is (H * , u * ), then the optimality condition yields:
Therefore, u is the optimal point of model (D 2 ) if and only if H(u) = (XU X T ) −1 is feasible for model (P ). Based on this, [13] proposed the notion of the ǫ-primal feasible solution.
Definition 2.1. Suppose u is a feasible solution of (D 2 ), u is said to be ǫ-primal feasible if
. . , m. In the FW-K algorithm, the objective function is linearized to generate subproblems, and the optimal solutions of the subproblems are used to generate the descent direction. Using this direction and the corresponding optimal step size, model (D 2 ) can be solved iteratively. If the current iteration point is u k , the linearized subproblem of model (D 2 ) is:
and then e j is the optimal solution of the above subproblem. So if the optimal step size is λ k , the new iteration point is u k+1 = u k + λ k (e j − u k ), or equivalently, u k+1 can be seen as a convex combination of u k and e j . As λ k is chosen to minimize the objective function g(u), it follows that:
.
We describe the FW-K algorithm as follows:
Output: u * = u k 6: end while
In the FW-K algorithm, the initial point u 0 is initialized as u 0 = (
. [14] proposed a core set based initialization scheme, which is more effective than Khachiyan's initialization scheme. Furthermore, since the FW-K algorithm, as well as the FW-KY algorithm, yields only an ǫ-primal feasible solution, which fails to satisfy the complementary slackness condition, [1] proposed the notion of ǫ-approximately optimal solution to address this deficiency (see also [27] , [28] ):
To improve the FW-K algorithm, [27] and [1] introduced the "away-step" strategy of the Frank-Wolfe algorithm, resulting in the Wolfe-Atwood (WA) algorithm. 
else 8:
end if 10: end while 11: Output: u * = u k
There are certain noteworthy points about the WA algorithm proposed by [27] 1. In the k-th iteration, some of the m points fall inside the ellipsoid, corresponding to x T i (XU X T ) −1 x i n, while the other points fall outside of the ellipsoid, corresponding to x
The goal of the current iteration is to make each element of the gradient of the objective function (i.e., x
2. Choose an i ∈ I and set u † = u + λ(e i − u), where {x i |i ∈ I} denotes the set of points outside the ellipsoid currently. The equality 
, which is consistent with the precise step size λ obtained in Khachiyan's algorithm.
This λ can guarantee the selected point x i to fall on the boundary of the ellipsoid in the next iteration. Similarly, if the selected point x j is inside the ellipsoid, choosing λ = n−κ(u k )j n(κ(u k )j −1) as the step size also makes the point x j satisfy x T j H(u † )x j = n in the next iteration, i.e., fall on the boundary of the ellipsoid in the subsequent iteration. In this way, each component of the gradient of the objective function asymptotically approaches to n.
3. In order to compute the initial gradient κ(u 0 ), we can resort to the scaled Cholesky factorization with 1 3 n 3 arithmetic operations to obtain XU X T = φLL T . On one hand it is convenient to compute (XU X T ) −1 via the Cholesky factorization. On the other hand, the Cholesky factorization of (XU † X T ) corresponding to the next iteration point u † can be obtained through Cholesky rankone modification formula:
In addition, it is also convenient to update the inverse matrix (XU † X T ) −1 via the rank-one modification formula. Specifically:
Assume we have performed the scaled Cholesky decomposition on XU X T , then it is easy to obtain x j = (XU X T ) −1 x j with 2n 2 arithmetic operations, so that the gradient in the next iteration
] can be computed explicitly.
3 Coordinate Descent Algorithm
"Algorithmic" Coordinate-wise Smoothness
In this paper we propose a gradient descent type algorithm (i.e., the Coordinate Descent algorithm) to address the MVEE problem. We mention that the classical algorithms on MVEE are Frank -Wolfe type (LOO) algorithms whose iteration direction is not the gradient descent direction. Although the algorithm proposed in this paper has many internal connection with the Frank -Wolfe type algorithm, its iteration direction is exactly the gradient descent direction. The comparison of our algorithm and the FrankWolfe type algorithm (exemplified as the WA algorithm) is elaborated in the 5th section. First, several relevant definitions needed in the subsequent text, such as smoothness, strong convexity, and coordinate-wise smoothness are given as follows.
Here L is called the smoothness parameter.
Definition 3.2.
A continuously differentiable function f (x) is said to be µ-strongly convex on R n if there exists a constant µ > 0 such that for any x, y ∈ R n we have ∇f (x) − ∇f (y) µ x − y . Here µ is called the convexity parameter. Definition 3.3. A continuously differentiable function f (x) is said to be coordinate-wise smooth with smoothness parameter L i if there exists L i > 0 such that for any x ∈ R n , θ ∈ R, we have
As we know, the objective function of model(D 1 ) or (D 2 ) is neither smooth nor strongly convex, as a result we here introduce a new kind of coordinate-wise smoothness called the "algorithmic" coordinatewise smooth, and use this new "smoothness" to analyze convergence properties.
Definition 3.4.
A continuously differentiable function f (x) is said to be "algorithmic" coordinate-wise smooth w.r.t the algorithm A, if there exists a coordinate descent algorithm A, such that the two successive points of algorithm A, namely u k and u k+1 ,(suppose all the elements of u k and u k+1 but the i k th element are equal.) satisfies In the following, we discuss the properties of the objective function of model (D 2 ).
, and κ(u) i is the ith coordinate of κ(u), then:
Proof.
For θ i 0, by the definition of ∇g(u), and the Sherrman-Morrison-Woodbury formula, we have
Hence, for
κ(u) i n, and it follows that
Lemma 1 presents a kind of coordinate-wise property of the objective function g(u), which is weaker than the coordinate-wise smoothness, since the Lipschitz constant of smoothness
We note that if the iteration points generated by some algorithm satisfies the condition in Lemma 1, then the objective function g(u) of (D 1 ) is "algorithmic" coordinate-wise smooth, and so does the objective function h(u) of (D 2 ). We emphasize here that the objective function g(u) for (D 1 ) or h(u) for (D 2 ) is exactly not coordinate-wise smooth, since the inequality in lemma 1 may not guaranteed in each feasible point u. The "algorithmic" coordinate-wise smoothness is rather weak, but it is enough to guarantee the convergence of our proposed algorithm.
According to [21] , the coordinate-wise smoothness can be extended to the smoothness. Since if g is twice differentiable, the coordinate smoothness is equivalent to diagonal elements of the Hessian are bounded above, so that the maximum eigenvalue of the Hessian is bounded above by its trace, and the smoothness is obtained. In comparison, we note that the strong convexity cannot be obtained by coordinate-wise strongly convex. Since the coordinate strong convexity only means the diagonal elements are bounded below which cannot guarantee the minimum eigenvalue of the Hessian is greater than 0. Lemma 1 also reveals the possibility of introducing the FOO algorithm to compute the MVEE problem. However, this possibility does not mean that the FOO algorithm can be applied directly to solve model (D 2 ).
The reason is that we cannot always guarantee the positive definiteness of the matrix XU X T . Note that XU X T is at least a positive semi-definite matrix, and ∀0 = y ∈ R n such that y
such y dose not exist, and XU X T is always positive definite. As for the FW type algorithms, no matter we choose the Khachiyan initialization scheme (u 0 = { 1 m , . . . , 1 m }), or the Kumar-Yildirim initialization scheme (non-zero element in u 0 represents n's linearly independent directions), the initialization of u 0 satisfies the positive definiteness of XU 0 X T . Moreover, since the new iteration point u k+1 is the convex combination of the current iteration point u k and e j , where j is the selected coordinate, the number of nonzero elements in u k+1 will not decrease with respect to u k , ∀k. As a result, XU k X T is positive definite, ∀k. However, for the FOO algorithm, e.g., the gradient projection algorithm, the projection to the probability simplex is equivalent to finding one λ such that m j=1 max{u j −λ, 0} = 1(see [7] ), and each element of the new iteration point u k+1 is u j k+1 = max{u j k −λ, 0}, j = 1, . . . , m. It follows that the number of nonzero elements in u k+1 might be less than n. As a result, simply using the gradient projection method does not guarantee the positive definiteness of XU k X T .
Coordinate Descent Algorithm with "Constant" Stepsize
In this section, we propose the Coordinate Descent (CD) algorithm to solve model (D 1 ) instead of model (D 2 ) so as to compute the MVEE. Denoting h(u) = g(u) + n(1 − e T u) as the objective function of model (D 1 ), the CD algorithm is: 
There are several points needed to be explained with regard to the CD algorithm.
1. The CD algorithm above is actually the gradient type coordinate descent algorithm with the Gauss -Southwell's Rule to choose the coordinate axis. Notice that the CD algorithm aims to compute model (D 1 ) whose objective function is h(u) with the gradient ∇h(u) = ne − κ(u) satisfying
According to lemma 1, in the first case, if the jth coordinate-axis with n κ(u) j is chosen, the Lipchitiz constant L j is set to be (κ(u) j ) 2 , and the iteration can be written as (suppose u and u † denote two successive iteration points):
In the second case, if the jth coordinate-axis with n κ(u) j is chosen, the Lipchitz constant L j is set to be nκ(u) j , and the iteration can be written as:
It is not difficult to see that the first case above is equal to the "add" and "increase" steps of the WA algorithm, while the second case corresponds to the "minus" and "drop" steps of the WA algorithm. Therefore, we can similarly classify the iteration steps of the CD algorithm into the "add", "increase", "decrease" and "drop" types. Moreover, Notice that n − κ(u) i is exactly the ith element of the gradient of the objective function of model (D 1 ). Also recall that the coordinate selection rule in the WA algorithm is that: when κ + − n n − κ − , the j+th coordinate axis is selected, otherwise the j−th coordinate axis is selected. Therefore, the iterative direction rule of the WA algorithm (the "ordinary step" and the "away step" of the FrankWolfe algorithm) is max i=1,...,m {|∇ i h(u)|}, which is exactly the same as the "Gauss - Table 2 Comparison of the WA algorithm and CD algorithm.
Southwell's Rule". It is noted that if we resort to problem (D2) instead of (D1), the "Gauss -Southwell's Rule" is hide. Moreover, we see clearly that the objective function h(u) is "algorithmic coordinate-wise smooth" w.r.t the CD algorithm.
2. In the "add" and "increase" iteration step, since κ(u
x j+ , while we can not guarantee that the value of x T j+ (XU † X T )x j+ can be decreased to n. However, if the step size is set as λ = n−κ+
x j+ can be reduced to n. Unfortunately, since κ + > n, nκ + is not the smoothness parameter of the j+th coordinate.
New Explanation of the Frank -Wolfe Type algorithms
Based on the analysis above, we can also explain the FW-K algorithm from a new perspective. [14] explained the FW-K algorithm as follows: each iteration step of the FW-K algorithm is improving toward the direction of the point with the largest ellipsoidal norm ( · H , where H = XU k X T ).
[26] treated the ellipsoidal center as the mean value of the point set X, and the · H distance of a point in the ellipsoid to the ellipsoidal center as the variance of the point. Thus, each iteration step of the FW-K algorithm is improving towards the direction of the point with the largest variance. Lemma1 shows that the objective function g is L i = κ(u) 2 i coordinate-wise smooth when θ i 0, i = 1, . . . , m. Notice that in each iteration, the FW-K algorithm chooses the coordinate axis i with the largest value of κ(u) i , which corresponds to the coordinate axis with the worst smoothness. This coordinate selection scheme is similar to that proposed by [21] , that is, the worse smoothness the coordinate axis is, the more likely it is to be selected in the next iteration. Numerous numerical tests have shown that the "Gauss-Southwell's Rule" is faster than other coordinate axis selection rules [23] , and it provides another explanation of why the WA algorithm is much faster than the FW-K algorithm on the MVEE problem.
Comparison of the CD and WA algorithm
We compare the WA and CD algorithm in the following table. In table 2, the CD and WA algorithm both use the "Gauss -Southwell's Rule" to choose the coordinate axis. In [23] , the "Gauss -Southwell's Rule" is an efficient rule of choosing coordinate axis for coordinate descent methods. The CD algorithm chooses the jth element of the negative gradient as the iterative direction, while the WA algorithm chooses u−e j+ or e j− − u as the iterative direction. Both of these two directions are descent directions for the objective function. The WA uses the accurate stepsize at each iteration, because the accurate stepsize can be computed in closed from. The CD algorithm uses the "constant" stepsize which is simple to compute and can lead to sufficient decrement of the objective function at each iteration. It is noted that since the Lipschitz constant L i is changing w.r.t each iteration, this kind of "constant stepsize" is actually "dynamic stepsize". Finally, we note that in the "black-box" model, the WA and CD algorithm are two different types of algorithms.
Convergence Analysis of the algorithm
Convergence Properties of the CD algorithm
In this section we discuss the convergence properties of the CD algorithm. We first prove that the CD algorithm is sublinearly convergent, and then we discuss on the "globally (locally)" linear convergence properties of the WA algorithm mentioned in [28] .
Lemma 4.1. Let u † be the next iteration point of u generated by the CD algorithm, then:
otherwise.
Proof.
First we notice that with respect to the two successive points generated by the CD algorithm, the objective function h(u) is "algorithmic" coordinate-wise smooth w.r.t the CD algorithm. More specifically, it is κ(u) 2 j+ coordinate-wise smooth when coordinate j+ is selected, and nκ(u) j− coordinatewise smooth when coordinate j− is selected. By the above relation and the fact that
e j+ if the current iteration chooses the j+th coordinate. Using the smoothness inequality ( [20] ), we obtain
If the current iteration chooses the j−th coordinate, we have u † = P {u|u 0} (u − n−κ− κ−n e j− ), and from the famous projection theorem ( [6]), we have
Here, in case
2 , and therefore:
In case n−κ− κ−n u j− , since the value of u − u † 2 might be arbitrarily small, it can only be guaranteed that:
h(u † ) h(u).
Lemma 4.1 shows that the CD algorithm generates a sequence of relaxation points ( [20] ) which provides a good condition for the convergence analysis. Indeed, let u † = u + λe i , then h(u) − h(u † ) = ln(1 + λκ(u) i ) − nλ. Therefore, if we choose the j+th coordinate in the current iteration, i.e., i = j+, λ = κ+−n κ 2 + , then:
which can be proved to be greater than If we choose the j−th coordinate in the current iteration and
which can be proved to be greater than
2nκ− . If we choose the (j−)th coordinate in the current iteration and κ−−n nκ− < −u j− , i.e., i = j−, λ = −u j− , then :
which can be proved to be greater than 0(see Appendix).
Next we shall show the coercivity of h(u). 
By the definition of coercivity, to show that h(u) → ∞ when u 0 and u → ∞ is enough. It is easy to see that u → ∞ if and only if at least one coordinate u i of u satisfies that u i → ∞. As h(u
when t → ∞. This completes the proof.
From Lemma 3, we know that although the feasible domain of the model (D 1 ) is unbounded, we can restrict the attention into a compact set dom(h) ∩ {u|u 0}.
Combining the Lemmas 2 and 3, we can prove the convergence of the sequence generated by the CD algorithm. 
By Lemma 2, if we only consider the add-, plus-and minus-iterations, we have:
and
for some constant L. This reduces to show (XU X T ) is upper bounded. As
, where u max = max i=1,...,m u i , and the last inequality is due to x i 2 1 after shifting.
Note from Lemma 3 we have u max cannot be increased to infinity, and so that this L is exist.
Therefore we obtain that:
adding the above inequality from k = 0 to k = N , we have: 
and therefore u i+1 − u i → 0, and
). Moreover, from the first order optimality condition, since
. Let u * be a limit point of the sequence {u k }, there shall exist a subsequence {u ki } converging to u * , and
therefore we have ∇h(u * ) j e T j (w − u * ) 0, ∀w 0. In this sense, we have ∇h(u
). Therefore when only consider the "add", "plus" and "minus" iteration, the sequence converges and the number of iterations is o( 1 ǫ 2 ). As for the drop-iterations, they can be paired with a previous iteration where either u kj+ was increased from zero, or u kj− is decreased to zero for the first time which was positive at the initial iteration ( [1] and [28] ). From this we know that the number of the drop-iterations can be at most the sum of o( 1 ǫ 2 ) and the number of nonzero coordinates of u 0 , which is 2n under Kumar-Yildirim's initialization scheme, and m under Khachiyan's initialization scheme.
Then it can be concluded that the sequence generated by the CD algorithm is convergent to the optimal solution of problem (D1).
Proposition 4.4.
The optimal solution u * of problem (D1) and (D2) is unique.
Proof.
Denote C u = {u|u 0}, and the set of optimal solutions as X * . Since h(u) and C u are closed and convex, then so is X * (see [18] ). Assume u 1 , u 2 ∈ X * , then u1+u2 2 ∈ X * follows as X * is convex. Therefore
As the function f (H) = − ln det H is strictly convex, we have XU 1 X T = XU 2 X T , and thus u 1 = u 2 .
Theorem 1 and Proposition 1 show that the sequence generated by the CD algorithm converges to the unique optimal solution of problem (D1) u * .
Global Convergence Rate of the CD algorithm
Enlightened by the previous work of great significance in [13] , [1] and [28] , we can use lemma 2 and 3 to prove the globally sublinear convergence rate and the locally linear convergence rate of the CD algorithm. We consider the globally convergence results. Suppose that the initial point u 0 is ǫ 0 primal feasible, then ǫ 0 m − 1 for the Khachiyan's initialization scheme (KIS), and ǫ 0 n 5 − 1 for the KumarYildirim's initialization scheme (KYIS) (see Lemma 3 in [13] and Corollary 3.4 in [28] ). Denote c = max{m − 1, n 5 − 1}. Moreover we note that when u is a δ primal feasible solution with δ > 1, only "add-" and "increase-" iteration activates, and thus δ is decreasing monotonically. Therefore we could apply the idea of [13] to divide the iterations into two stages: 1 < δ < c, and δ 1.
For the first stage, suppose for each u k , we denote H(u k ) = (XU k X T ) −1 , and f (H(u k )) = − ln det H(u k ). It is obviously that f (H(u * )) is the optimal value of the primal problem (P) when u * is the optimal solution of the dual problem (D1). Based on the analysis subsequent to lemma 2, we could bound the decrement of f (H(u)) of two successive points u and u † , when u is a δ primal feasible solution with 1 < δ c. Since Lemma 3 in [13] ). Therefore we obtain that:
Moreover, suppose u k is ǫ k primal feasible with 1 < ǫ k c
where c 2 = c 1 ln 2. Therefore by (1) and (2), we conclude that when KIS is applied to the CD algorithm, we obtain a 1 primal feasible solution within n c1 (ln n ln m c2 ) steps; when KYIS is applied to the CD algorithm, we obtain a 1 primal feasible solution within n c1 (ln 5n ln n c2 ) steps. For the second stage, we use the decrement of h(u) to bound the iteration steps. Suppose u is a δ approximately optimal solution with 0 < δ 1, then we have:
The third inequality is due to (1 − δ)n κ(u) i (1 + δ)n, and u max is bounded by lemma 3. Furthermore, in order to use the proof idea of [13] , we need to bound the number of iteration steps of halving δ, when δ < • If a feasible u does not satisfy the δ− approximate optimality conditions, any "decrease -" iteration improves h(u) by at least
Proof. From Lemma 2 in the case of the "add -" and "increase -" iteration,
with κ(u k ) + = (1 + ǫ k )n, and ǫ k δ. Therefore we have:
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The second inequality is due to the monotone nondecreasing property of the function φ(x) = x 2 (1+x) 2 , and the third inequality is due to the fact δ 1 2 . Similarly, in the case of the "decrease " iteration, we have:
Based on (3) and lemma 4, let k(δ) denote the number of iterations of the CD algorithm from the first iteration that is δ approximately optimal until the first that is δ 2 approximately optimal, then :
Therefore if K(ǫ) denotes the number of iterations from the first iterate that is 1 approximately optimal until the first that is ǫ approximately optimal, we find:
In addition, as for the drop-iterations, similar explanation in the proof of theorem 1 can be applied. We concludes the above analysis into the theorem below. 
Local Convergence Rate of the CD algorithm
We follow the technique in [1] , [28] to prove the locally linear convergence rate of the CD algorithm. Suppose u satisfies the δ approximately optimal condition, and H(u) = (XU X T ) −1 , set
Consider the z− perturbation problem in [1] , we have u
Lemma 4.7. Suppose u is a δ− approximately optimal solution, then
Proof.
Let Φ(z) denote the value function, the optimal value of the z− perturbation problem.
The second inequality is due to the convexity of the function f (H) = − ln det H, and the second inequality is due to e T u * = 1. Therefore halving δ will require at most M δ
iterations. Thus adding all these iterations gives a total of 20M log 2 ( 1 ǫ ). As a consequent, there exists data dependent constants P and Q such that the number of iterations of the CD algorithm required to obtain an ǫ approximately optimal u is at most
We note that from the proof of lemma 3, the decrement of h(u) of the CD algorithm between two iteration points u k and u k+1 is larger than that of the WA algorithm, this explains why the CD algorithm slightly outperforms the WA algorithm during the later stage of the iterations. The numerical results in the 5th section supports this theoretical results.
Complexity Analysis of the CD algorithm
The CD algorithm consists of two stages, the initialization stage and the iteration stage. In the initialization stage, we shall calculate κ j for each j after obtaining the initial point u 0 by Kumar-Yildirim's initialization scheme, whose complexity is O(n 2 m). In the calculation, first denote XU 0 X T = A T A, where A T can be factorized as A T = Q 0 R 0 with Q 0 and R 0 being an orthogonal matrix and a upper-triangle matrix respectively. Then it can be obtained that
, from which we can see that the calculation includes the following:
0 whose complexity is O(mn), 2. the QR factorization of A T whose complexity is O(mn 2 ). The reason here using the QR decomposition instead of the Cholesky factorization is mainly due to the numerical stability (see [28] ),
whose complexity is O(n). As there are in total m different κ j s, the total complexity of the initialization part is O(mn 2 )+O(m(mn+
. During the iterations, the calculations include 1. finding out the biggest and smallest among the κ j ,j = 1, . . . , m, whose complexity is O(m),
comparing
κ+−n n and n−κ− n , whose complexity is O(1), 3. calculating the step size λ and the next iteration point u † , whose complexity is O(1),
adopting the Cholesky rank-one modification update XU
As the number of iterations is O( 1 ǫ ), the total complexity of this part is O(
). Adding these two parts together, the complexity of the CD algorithm is O(mn 
Description of Samples
Extensive computational tests have been carried out and discussed in several research papers (with reference to [26] , [1] ). According to the most recent result by [28] , we know that 1. The WA algorithm achieves the most accurate solutions.
2. Kumar and Yildirim's initialization scheme truly accelerated the speed of computation.
3. The points elimination strategy used in [2] ) speeds up the computation.
4. On moderately sized samples (dimension 30, number of points 1800), when using the active set strategy, the DRN algorithm outperforms the other algorithms, while without the active set strategy, the WA algorithm outperforms the other algorithms. On large-scale samples (dimension 30, number of points 30,000), the DRN method is superior. on huge-scale sized samples (dimension = 500, number of points =500,000), the WA algorithm is the only feasible algorithm, while the other methods failed because of memory problem.
Based on the conclusion of [28] , in this section, we focus only on the efficiency of the WA algorithm and the CD algorithm. The aim of this numerical test is to try to determine: under the same accuracy (the error is set to be 10 −7 ), the efficiency of the WA algorithm and the CD algorithm on various test samples, including small size samples, moderate size samples, large-scale size samples and huge-scale size samples.
Test samples. According to [28] , if the test samples are generated from a general Gaussian distribution, they will all lie close to the surface of an ellipsoid, which is a special situation. Therefore, we use the point generating strategy of [28] to build up our test sets.
Size. To compare the efficiencies of the WA algorithm and the CD algorithm (with constant stepsize) on various samples, we test the two algorithms with respect to 4 different sizes of data sets, which are: n = 10, m = 500 for small size test sets, n = 30, m = 1800 for moderate size test sets, n = 100, m = 30, 000 for large-scale size test sets and n = 500, m = 500, 000 for huge-scale size test sets. Moreover, in order to determine whether merely the dimension influences the efficiency of the CD algorithm and the WA algorithm, we use two more test sets (n = 500, m = 1000 for a high dimension and small size data set (HDSN), while n = 20, m = 100, 000 for a low dimension and large size data set (LDLN).
Parameters. According to Todd (2016) , the WA algorithm with Kumar-Yilidirim's initialization scheme can achieve a high accuracy with the error bound being ǫ = 10 −7 , which is used here. With respect to the initialization scheme, Kumar-Yilidirim's initialization scheme is used in this study, since it is superior both theoretically and practically.
Comparison of the CD and WA Algorithm
The computational results of the CD algorithm and the WA algorithm on different sizes of test sets are illustrated in Table 5 .2. The experiments were performed 10 times for each situation.
With respect to the small size sample, the average iterations and computing time of the WA algorithm outperforms the CD algorithm slightly. More specifically, 7 in 10 cases support the superiority of the WA algorithm, especially in cases 6 and 7, while the remaining 3 cases support the superiority of the CD algorithm. It is noted that the efficiency of the two algorithms on the small scale sample are nearly equivalent to each other, and it follows that with respect to small data sets, these two algorithms are competent. With respect to the moderate size sample, the superiority of the WA algorithm seems to be more apparent, that is, the average iterations of the WA algorithm is 268.6, which is less than 292.9 average iterations of the CD algorithm. More specifically, 6 in 10 cases support the superiority of the WA algorithm, especially in case 8. With respect to the large-scale size sample, the average iterations and computing time of the CD algorithm are 731 and 0.52 seconds, respectively, less than 767.1 iterations and 0.57 seconds of the WA algorithm. It is noted that 10 cases all support the superiority of the CD algorithm, and this superiority is much apparent. With respect to the huge-scale size sample, the superiority of the CD algorithm is much more apparent. The results supports that the efficiency of the CD algorithm outperforms that of the WA algorithm as the dimension of the data set is large. Figure 1 shows the progress of max κ(u) i and min{κ(u) j : u j > 0} under small (subplot 1), moderate (subplot 2), large-scale (subplot 3) and huge-scale(subplot 4) size samples, and the linear convergence of the error ǫ plotted on a log scale. The result is consistent with that in [28] , that is, the linear convergence takes hold almost from the first iteration.Furthermore, we could see that there really exists an inflection point after which the CD algorithm prevails.
Please Insert Figure 1 Approximately Here Moreover, we would like to know whether the dimension or the number of points influence the efficiency of the two algorithms. We use two types of test samples (i.e., n = 500, m = 1000 for the HDSN case and n = 20, m = 100, 000 for the LDLN case) to test our assumptions. With respect to the HDSN case in figure 2 , the ten subgraphs all show that the CD algorithm outperforms the WA algorithm. However, with respect to the LDLN case in figure 3 , the WA algorithm outperforms the CD algorithm in subgraphs 3, 4, 5, 6, 8 and 10, while in four other subgraphs, the CD algorithm is better. This comparison shows that the dimension strongly influences the performance of the algorithms, that is, when the dimension of the data set becomes relatively high, the performance of the WA algorithm becomes worse, while the performance of the CD algorithm becomes better. Figure 2 and Figure 3 Approximately Here Moreover, we illustrate the reduction of the objective function under three different iteration types, i.e., "add-" iteration, "plus-" iteration and "minus-" iteration. First, during each "add-" iteration or "plus-" iteration, the reduction of the objective function h(u) is
Please Insert
where κ + n. Second, during each "minus-" iteration step, the reduction of the objective function h(u) is:
We illustrate the graph of ∆ + (κ + ) and ∆ − (κ − ) in Figure 4 . In Figure 4 , the horizontal axis is the value of κ and the vertical axis is the amount of decrement of h(u). We consider three cases of n as n = 1, n = 2 and n = 3, illustrated as blue, green and red lines respectively in Figure  4 . The solid line represents the "add-" and "plus-" iteration (namely, the graph of ∆ + (κ + )), and the dashed line represents the "minus-" iteration (namely, the graph of ∆ − (κ − )). From Figure 5 , we can see the following properties:
(1) ∆ − (κ − ) is monotone decreasing with respect to κ − , while ∆ + (κ + ) is monotone increasing with respect to κ + .
(2) lim
In other words, when 0
Please Insert Figure 4 Approximately Here 
More Versions of the CD Algorithm
In the previous section we considered the "constant" stepsize. In this section, we investigate more on the CD algorithm, i.e., first we consider more types of stepsizes and then we compare the randomized coordinate descent algorithm on the MVEE problem with the CD algorithm.
Alternative Stepsizes
We discuss two alternative stepsizes, i.e., the diminishing stepsize and the backtracking line search stepsize. First we introduce the CD algorithm with the diminishing stepsize. The diminishing stepsize used in the algorithm is depicted as follows: 
Since the diminishing stepsize can be defined as "{λ k | ∞ k=1 λ k = ∞, lim k→∞ λ k = 0}", in the algorithm above, we take λ k = 2 k+2 as a special case. The convergence of the CD algorithm with diminishing stepsize is easy to prove. Since the objective function h(u) is "algorithmic" coordinate-wise smooth w.r.t the CD algorithm, i.e., L i -coordinate wise smooth, where L i = κ(u) 2 i (when κ(u) i n) or nκ(u) i (when κ(u) i < n), therefore the stepsize chosen in the interval (0, 2 Li ) is suitable for convergence. Moreover, the diminishing stepsize λ k → 0 with k → ∞, therefore there exists ak such that ∀k >k, λ k ∈ (0, 2 Li ), and the convergence is guaranteed. Obviously the diminishing stepsize is becoming arbitrarily small during the iteration, therefore we prefer to use the "constant" stepsize.
Then we discuss the backtracking line search stepsize, which is defined as:
Algorithm 5 Backtracking Line Search Stepsize
The convergence of the backtracking line search can be obtained similarly to the diminishing stepsize. It is noted that the backtracking line search is also slow than the "constant" stepsize. Since during the early stage of the iteration, the value of κ(u) i , i = 1, . . . , m is far from n, and the interval to guarantee convergence is relatively small. However, as the iteration grows, κ(u) i , i = 1, . . . , m is getting close to n, and the interval becomes relatively large. Therefore, the backtracking line search strategy determines the stepsize at the early stage of the iteration, and will not change during rest the iteration. However, as the iteration grows, the "constant" stepsize 1 κ(u) 2 j+ or 1 nκ(u)j− is becoming large. Therefore the CD algorithm with "constant" stepsize is becoming faster during the iteration. Another deficiency of the backtracking line search is that it needs to compute the value of h(u k ) at each iteration.
Randomized Coordinate Descent Method
The CD algorithm proposed in this paper is much similar to the algorithm (algorithm (1.3) on page 1) in [21] . Nesterov pointed out that "the CD algorithm requires computation of the whole gradient vector.
However, if this vector is available, it seems better to apply the usual full-gradient methods". However as we pointed previously, the full gradient method may be inefficient (even not applicable) in computing the MVEE, and therefore the MVEE problem may be a good example to show the wide application prospect of the coordinate descent method.
In [21] , Nesterov also proposed the randomized coordinate descent method (RCDM), whose coordinate axis selection rule is random, and it is proved to be more efficient than the "non-randomized selection rule" (such as the "Gauss -Southwell's Rule"), since randomized selection rule may not require to compute the full gradient during each iteration. However with respect to the MVEE problem, this is not the case. From Lemma 1 we know that the objective function h(u) of model (D 1 ) is "algorithmic coordinatewise smooth", therefore we need the full gradient information so as to determine the "random counter" (methods to choose coordinate axis randomly). The random counter R proposed here is slightly different from that in [21] . It generates an integer number i ∈ {1, . . . , m} with probability
Based on the work of [21] , we propose the randomized coordinate descent (RCD) algorithm here to address the MVEE as follows:
Algorithm 6 RCD algorithm to compute the MVEE Choose j = R 5:
It is obviously that the the random counter R in [21] applies the "Randomized Nesterov's Rule" while R in this paper applies the "Randomized Gauss -Southwell's Rule". The convergence results of the RCD algorithm can be referred to the [21] . However the numerical tests shows that the solution of the RCD algorithm is less accurate than the CD algorithm. Table 6 .3 shows the performance of the CD algorithm of various stepsizes.
Computational Performance of the CD Algorithm on Various Stepsizes
In table 3, the error bounds are set to be 10 −2 , 10 −3 and 10 −4 , which means accuracy of the solution is not high. With respect to the "constant" stepsize, the CD algorithm converges fast in all samples. However the error bound made by the diminishing stepsize cannot be reduced to 10 −4 . The numerical test is consistent with our theoretical analysis on the stepsize. Figure 5 shows the computational performance of the CD and RCD algorithm. We only test two samples, the small sized sample (n = 10, m = 500) in subplot 1 and 2, the moderate sized sample (n = 30, m = 1800) in subplot 3 and 4. In all these 4 subplots, the horizontal axis represents the number of iterations, and the vertical axis represents the log of the error bound. With respect to the small sized sample, subplot 1 shows the convergence result of the CD algorithm, and the error bound reduced below 10 Table 4 . Performance of algorithms CD with "constant" and diminishing stepsizes on small, moderate, large-scale sized problem instances of the minimum volume enclosing ellipsoid problem.
Comparison of the CD and RCD algorithm
convergence result of the RCD algorithm, and the error bound cannot reduced below 10 −2 in 1 × 10 4 iteration steps. Moreover the "convergence curve" of the RCD algorithm is ladder shaped, which means the convergence rate of the RCD algorithm is very slow. Therefore the CD algorithm with "GaussSouthwell's Rule" is much efficient than RCD algorithms at least in the MVEE problem. This result is inconsistent with the theoretical results in [21] , but consistent with the results in [23] .
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Conclusions
This paper proposed the coordinate descent algorithm with Gauss -Southwell's Rule, which complements the widely used WA algorithm to address the Minimum Volume Enclosing Ellipsoid problem. In particular, the CD algorithm is slightly more efficient when the dimension of the data set increases. Since the MVEE problem is the basis of many practical problems and applications, such as nonlinear support vector machines and optimal design, the CD algorithm can be seen as a benefit for solving real-world problems. Specifically, the theoretical contribution of this paper is four-fold:
MVEE-perturbation algorithm which can solve the big data DEA problem efficiently. Since DEA is widely used in economic and management science, this algorithm would be useful in real-world application.
We also note two directions for future research based on this work. The first point is that we did not take the DRN algorithm into account, since many researchers note that it is not applicable with respect to huge-scale data sets. The reason is that the DRN algorithm resorts to the Hessian of the objective function at each iteration and memory problems arise when the dimension grows. Recently, the Newtonsketch technique was proposed to reduce the dimension of the data sets, which achieved a super-linear convergence rate (see [24] ). Therefore the combination of the DRN algorithm and the Newton-sketch technique is a good point for future research. The other point is that [17] found the dual problem of the MVEE is 1-smooth relative to − n j=1 ln x j , and presented a new framework to investigate the MVEE problem. The work of [17] extended the notion of smoothness and strong convexity, which can be applied to many more problems than the classical framework.
Appendix
Proposition 8.1.
(1) When κ + n > 0, we have:
(2) When 0 κ − n, we have: (n−t) 2 t 2 (n−2t) ) 0. Therefore, g 1 (t) is monotone increasing with t n. Furthermore, since g 1 (n) = 0, we have g 1 (t) 0 when t n and Proposition (1) follows.
(2) When t n, we have g 2 (t) = ln( 0. Therefore, g 2 (t) is monotone decreasing with t n. Moreover, since g 2 (n) = 0, thus when t n, we have g 2 (t) 0 and Proposition (2) follows.
(3) When 0 < t < n−κ− nκ− and κ − < n, we have g 3 (t) = nt + ln(1 − tκ − ) and g ′ 3 (t) = n − κ− 1−κ−t . Using t < n−κ− nκ− we have g ′ 3 (t) 0. Therefore, g 3 (t) is monotone decreasing with t > 0. Moreover, since g 3 (0) = 0, we have g 3 (t) 0 when t > 0 and Proposition (3) follows.
